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1. I N T R O D U C T I O N  

The i n v e s t i g a t i o n  h a s  proceded a long  t h r e e  d i r e c t i o n s .  F i r s t ,  

t h e  t o p o l o g i c a l  c h a r a c t e r i s t i c s  of t h e  matr ix  4 i n  t h e  e q u a t i o n  

y = A x  

have been s t u d i e d  i n  a s e a r c h  f o r  pa rame te r s  which would b e  d e s c r i b e d  i n  

t h e  d i s c r e t e  topology of A T  and which could  b e  t r a c e d  through t h e  succes-  

s i v e  t r a n s f o r m a t i o n s  : 

T B - A A  

-1 N Z B 

A summary i s  g i v e n  i n  S e c t i o n  2 of t h e  r e s u l t s  t o  d a t e .  

T T - 1  Next,  t h e  p r o p e r t i e s  of A ,  A A ,  and ( A  A) as cont inuous  ( i n f i n i t e )  

matrices have been s t u d i e d  w i t h  an eye  t o  r e l a t i n g  t h e  maxima and minima 

T T - 1  of A t o  t h o s e  of  A A and ( A  A) . T h i s  work i.s summarized i n  S e c t i o n  3 .  

F i n a l l y ,  s t u d i e s  have been niade of  known procedures  t o  see i f  

t h e s e  can b e  mod i f i ed  o r  net; approaches found which w i l l  g i v e  s o l u t i o n s  i n  

a smaller number of s t e p s .  This  work h a s  l e d  t o  d e r i v a t i o n  of two i t e r a t i v e  

p rocedures  which are  s o  d i f f e r e n t  from each  o t h e r  t h a t  t h e y  are d i s c u s s e d  

s e p a r a t e l y  i n  S e c t i o n s  4 and 5. S e c t i o n  6 i s  a b i b l i o g r a p h y  supplementing 

tha t  submi t ted  w i t h  t h e  p r o p o s a l .  



2.  MATRIX TOPOLOGY 

A s t u d y  of t h e  l i t e r a t u r e  on t h e  topology of m a t r i c e s  h a s  n o t  

shown any r e s u l t s  of p a r t i c u l a r  use i n  t h e  s o l u t i o n  of l a r g e  matrixes 

o t h e r  t han  f o r  r educ ing  o r  s e p a r a t i n g  matrices i n t o  decoupled s u b m a t r i c e s .  

(Two s u b m a t r i c e s  are c a l l e d  "decoupled" i f  t hey  do n o t  c o n t a i n  i n d e x  num- 

b e r s  i n  common.) A "decoupl ing t e n s c r "  can b e  d e f i n e d  which a c t s  t o  

t r ans fo rm an nxm m a t r i x  i n t o  a b lock  d i a g o n a l  s q u a r e  m a t r i x  nxn, b u t  i t  

does n o t  seem t o  have much t h e o r e t i c a l  i n t e r e s t .  O f  more i n t e r e s t  are a 

p a i r  of p a r a m e t e r s ,  which I c a l l  coup l ing  f a c t o r s ,  C i j  and C .  , which a r e  

d e f i n e d  by : 

r C 

l Y  

where 

and 

k 

These pa rame te r s  are d e f i n e d  f o r  r e c i a n g u l a r  2s  rzrell as s q u a r e  m a t r i c e s .  

They are i n v a r i a n t  under pe rmuta t ion  t r a n s f o r m a t i o n s  and under a number 

of  o t h e r  o p e r a t i o n s .  

t h e  t r a n s f o r m a t i o n :  

r 
1 3  

C e r t a i n  f u n c t i o n s  of C . .  and C:j are i n v a r i a n t  under 

ATA 
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T -1 
and i t  i s  hoped t h a t  t hey  can b e  traced f u r t h e r  i n t o  (A A) . They 

can b e  shown t o  b e  r e l a t e d  t o  auto-  and c r o s s - c o r r e l a t i o n  f a c t o r s  de- 

f i n e d  on cont inuous  matrices. 

n n - -  k i  j l  
a n k l  Y - -  
abi j  

where n i s  an  e lement  o f :  k l  

and b i j  i s  an e lement  o f :  

There i s  a p a t h  o?en f o r  connec t ing  t h e  e r r o r  E i n  N through:  n 

t o  t h e  e r r o r  Ab i n  b and t o  t h e  coupl ing  f a c t o r s ,  e i t h e r  i n  t h e  d i s c r e t e  

case o r  i n  t h e  cont inuous  c a r e  o r  pe rhaps  bo th .  

Atteiiticr: is t ) p , i ~ g  p a i d  t o  t h e  p o s s i b i l i t y  connec t ing  t h e  coup l ing  

f a c t o r s  t o  B e t t i  numbers and such l i k e  o t h e r  t o p o l o g i c a l  pa rame te r s .  They 

can  b e  r e l a t e d  t o  g raphs  and hence t o  i n c i d e n c e  matrices,  b u t  t h e  e x t e n t  

t o  v h i c h  such  r e l a t i o n s h i p s  can b e  used i s  n o t  known. 
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3 .  HANDLING LARGE M A T R I C E S  A S  CONTINUOUS FUNCTIONS 

This  i s  an  i n v e s t i g a t i o n  of t h e  p o s s i b l i t i e s  of deve loping  

p rocedures  analogous t o  m a t r i x  and v e c t o r  p roduc t  methods f o r  piece-wise 

cont inuous  f u n c t i o n s  of two v a r i a b l e s .  For t h i s  purpose  t h e  theo ry  of 

convo lu t ion  q u o t i e n t s  w i l l  b e  used,  s ince  i t  g i v e s  a s y s t e m a t i c  way of 

d e a l i n g  w i t h  t h e  u n i t  t h a t  m u s t  be used i n  an a l g e b r a  where t h e  p roduc t s  

cor respond t o  i n t e g r a l s .  This  theory  i s  p r e s e n t e d  i n  "Opera t iona l  Calcu- 

l u s  and Genera l i zed  Func t ions :  hy Ar thu r  E r d e l y i ,  and i s  b r i e f l y  g iven  

a s  fo l lows .  

A r i n g  i s  d e f i n e d  whose e l emen t s  are cont inuous  f u n c t i o n s  of  a 

non-negat ive  r e a l  v a r i a b l e .  Addi t ion  i s  d e f i n e d  a s  u s u a l ,  bu t  m u l t i p l i -  

c a t i o n  i s  d e f i n e d  as conco lu t ion :  i . e .  , - ( 1 )  

This m u l t i p l i c a t i o n  i s  d i s t r i b u t i v e ,  (w i th  r e s p e c t  t o  S c a l a r s )  commutative,  

and a s s o c i a t i v e .  This  r i n g  C i s  t h e n  ex tended  t o  a f i e l d  F ,  much i n  t h e  

same way t h a t  t h e  r i n g  of i n t e g e r s  is ex tended  t o  t h e  f i e l d  of r a t i o n a l s ,  

t h a t  i s  t o  say  t h a t  p a i r s  of e lements  of t h e  r i n g  a r e  regarded  a s  e lements  

of t h e  new f i e l d .  (Plore p r e c i s e l y ,  e q u l v a k n c e  sets of ~ r ? i r s  s r e  t h e  e l emen t s  

i n  t h e  same way t h a t  619 and 416 are e q u i v a l e n t  t o  each  o t h e r ,  and t h e  equi -  

v a l e n c e  c l a s s  c o n t a i n i n g  them is  r e p r e s e n t e d  by 2 1 3 . )  'The Da i r  ( f .0 , )  i s  

e q u i v a l e n t  t o  ( a , h )  i f :  

a*d = b*c 
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i n  t h e  convo lu t ion  s e n s e .  The equ iva lence  c l a s s  c o n t a i n i n g  t h e s e  i s  

w r i t t e n  a l b  ( o r  f / g ) .  I t  can be  shown t h a t  t h e  f i e l d  F (of  c o n v o l u t i o n  

q u o t i e n t s )  i s  a v e c t o r  space  and t h a t  i t  c o n t a i n s  ( i n  t h e  s e n s e  o f  

isomorphism) t h e  r e a l  and complex numbers,  t h e  con t inuous  f u n c t i o n s  i n  C ,  

t h e  ( equ iva lence  c l a s s e s  o f )  l o c a l l y  i n t e g r a t a b l e  f u n c t i o n s ,  and t h e  so- 

c a l l e d  impulse  f u n c t i o n s ,  one of which serves as t h e  p r e v i o u s  mentioned 

u n i t  under  convo lu t ion .  Th i s  u n i t  must cor respond t o  t h e  u n i t  m a t r i x .  

The o p e r a t i o n s  de f ined  i n  t h e  f i e l d  F are: 

I n  t h e  c a s e s  we wish t o  p u r s u e ,  t h e  f u n c t i o n  i s  t o  b e  z e r o  f o r  

a l l  v a l u e s  of t h e  arguments l a r g e r  t han  a f i x e d  number, p robably  1 ;  and 

consequen t ly  t h e  convo lu t ions  can b e  regarded  as ,  i n  t h e  i n t e g r a l  c a s e ,  

as r e g u l a r  i n t e r g r a l s  w i t h  one o f  t h e  f a c t o r s ,  t h e  m i r r o r  image of 

t h e  f u n c t i o n  a t  i s s u e .  I n  t h e  v e c t o r  c a s e  t h i s  w i l l  e n t a i l  d o t  p r o d u c t s  

w i t h  v e c t o r s  "put  i n  backwards". 

i n t e g r a l :  

Due t o  t h e  n a t u r e  of t h e  convo lu t ion  

f ( t -u)  g ( u )  du = h ( t )  
0 I 

t h e  f u n c t i o n  ( t -u)  cannot  b e  regarded  as an  a r b i t r a r i l y  chosen f u n c t i o n  

of t and u,  n o r  i s  t h e  r e s u l t  h ( t )  s t r i c t l y  analogous t o  a d o t  p roduc t .  

With t h e  i n t e r p r e t a t i o n  of t as a c o n s t a n t  (ana logous  t o  t h e  s i z e  of t h e  

m a t r i x  problem i n  q u e s t i o n )  we g e t  an ana logue  f o r  t h e  d o t  p roduc t .  A l l  
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t h e  theo ry  of convo lu t ion  q u o t i e n t s  h o l d s  f o r  t h i s  i n t e r p r e t a t i o n ,  and 

i n  p a r t i c u l a r ,  t h e  t h e o r y  of convergence of convo lu t ion  q u o t i e n t s ,  which 

i s  a g e n e r a l i z a t i o n  of t h e  theo ry  f o r  scalars and of uniform convergence 

of cont inuous  f u n c t i o n s .  That  i s ,  i f  a sequence of  cont inuous  f u n c t i o n s  

converges uni formly  on an i n t e r v a l  i n  t h e  u s u a l  s e n s e ,  t hen  they  w i l l  

converge i n  t h e  convo lu t ion  sense .  ( c f  - E r d e l y i ,  r e f .  4 )  

where 1 i s  t h e  u n i t  under  convo lu t ion  o r  as i t  is  sometimes c a l l e d ,  t h e  

d e l t a  f u n c t i o n .  No t i ce  t h e  above f u n c t i o n s  do n o t  converge uni formly  i n  

t h e  usual s e n s e .  

In  o r d e r  t o  ex tend  t h i s  analogy t o  t h e  m a t r i x  c a s e ,  i t  i s  neces-  

s a r y  t o  examine t h e  i n t e g r a l s  of f u n c t i o n s  of  two v a r i a b l e s ,  

rl 

For  t h i s  w e  e n l i s t  t h e  t h e o r y  of i n t e g r a l  e q u a t i o n s  of t h e  f i r s t  k i n d ,  and 

of Green’s  f u n c t i o n s .  ( c f  - Morse and Feshbach Sec.  8.3, r e f .  3) 

T r a n s i t i o n  from i n t e g r a l s  t o  scalar  p r o d u c t s  can be approxiiiiatsd 

w i t h  t h e  formula  : 

r 

2 i + l  

2 3 . f ( x )  dx = i-t.o 

a J  n 
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4 .  AN ITERATIVE SCHEME OF THE PROJECTION TYPE 

This  s e c t i o n  d e a l s  w i t h  two m a t r i x  i t e r a t i v e  methods which w e  

b e l i e v e  t o  b e  o r i g i n a l .  The methods are p r o j e c t i v e ,  1 ik .e  t y o s e  of Kacmarg 

and Cimmeno ( s e e  r e f .  2 ) ,  b u t  are based  on a non-standard geomet r i c  i n t e r -  

p r e t a t i o n  of a system of l i n e a r  e q u a t i o n s .  The f i r s t  method and i t s  v a r i -  

a n t s  are i t e r a t i v e ,  w h i l e  t h e  second method i s  i t e r a t i v e  d i r e c t ,  l i k e  t h a t  

of con juga te  g r a d i e n t s .  Both i d e a s  are i n  rough form and are i n  t h e  p r o c e s s  

of be ing  modi f ied .  There h a s  been a l i m i t e d  amount of  numer i ca l  t e s t i n g .  

The geomet r i c  p i c t u r e  a r i s e s  by i n v e r t i n g  t h e  u s u a l  concept  of 

s o l u t i o n  spaces  i n t e r s e c t i n g  a p o i n t  which s o l v e s  t h e  system. I n s t e a d ,  

we have an “equa t ion”  s p a c e ,  a c e r t a i n  e lement  of which can be  e a s i l y  modi- 

f i e d  t o  g i v e  t h e  s o l u t i o n .  

L e t  t h e  system b e :  

BX = C 

where 

i ’ .** ’ Bn B has  rows R 

X = ( x . )  i s  t h e  s o l u t i o n ,  and 

c = Ir is  t h e  c o n s t a n t  v e c t o r .  
J 

‘3’ 

Div ide  each  e q u a t i o n .  

B . X  = C 
1 i 
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? 

by Ci. 

non-zero t o  (1) b e f o r e  d i v i d i n g .  

I f  C .  i s  z e r o ,  s imply  add a n o t h e r  e q u a t i o n  whose c o n s t a n t  i s  
1 

The new sys tem i s  where A h a s  rows 

and 

Ai = B . / C i  
1 

1 =  

The rows of A can b e  thought  of 

'l1 

as n p o i n t s  i n  n space  which d e f i n e  an n-h 

d imens iona l  hype rp lane  H ( i f  A has  rank  n ,  t h e n  k = 1) .  A p o i n t  U of H i s  

d e f i n e d  by: 

= 1  

Thus, any n p o i n t s  i n  H cor respond t o  an nxn m a t r i x  M y  s a y ,  such  t h a t  

MK = I .  - -- If thz p c i n t s  a r e  vert ices  of a convex s e t ,  them M i s  non-s ingular .  

L e t  P b e  t h e  p o i n t  i n  H such  t h a t  t h e  v e c t o r  P i s  normal t o  H .  

Every row A of A can b e  expres sed  as: i 

A . = P f S  
1 i 
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where S i s  a v e c t o r  i n  H. We have Ai P = P f o r  a l l  i. i 

I n  matrix form, 

t h u s ,  x = P I P 2  

The f i r s t  method proceeds  as fo l lows .  We choose some i n i t i a l  

approximat ion  X (Example: t h e  ba ry  c e n t e r  of t h e  A.) and some i n i t i a l  

p o i n t  %. The l i n e  

0 1 

obv ious ly  h a s  i n  H. We wish t o  f i n d  t h e  p o i n t  U c l o s e s t  t o  P .  S i n c e  

t h i s  p o i n t  i s  a l s o  c l o s e s t  t o  t h e  o r i g i n  w e  have:  

€3 cannot  b e  1 f o r  a l l  A.i. 

normal t o  X -P. Thus, all p o i n t s  A would be  con t inued  i n  an n-h-1 dimen- 

s i o n a l  subspace ,  which i s  i m p o s s i b l e  because  H h a s  dimension h-k. 

I f  i t  were, t h e n  a l l  v e c t o r s  X -A.  would b e  
0 1  

0 i 
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To c o n t i n u e ,  w e  r e p e a t  t h e  p r o c e s s  w i t h  a new Ai t o  g e t  X2 

and s o  on u n t i l  w e  have  used a l l  of  t h e  A Then w e  s tar t  ove r  and con- 

t i n u e  u n t i l  t h e  d e s i r e d  accuracy  i s  achieved .  S i n c e  q u a n t i t i e s  from 

i through 1 i t e r a t i o n  can  be  used,  t h e  number of m u l t i p l i c a t i o n s  i n  t h e  

i t h  i t e r a t i o n  is 2n. 

i' 

The p r o c e s s  converges f o r  each  tes t  matrix used i n c l u d i n g  2 

s i n g u l a r  ones.  

For  a v a r i a t i o n  of t h e  method X? can b e  minimized as a f u n c t i o n  

This  p r o c e s s  a l s o  r e q u i r e s  2n m u l t i p l i c a t i o n s  p e r  i t e r a t i o n ,  

I n  

1 

i-1' of x 

i . e .  t o  compute X 

each  case t e s t e d  t h e r e  was improvement, sometimes c o n s i d e r a b l e ,  o v e r  t h e  

f i r s t  p r o c e s s .  

a n o t h e r  column of s t o r a g e .  

of  t h e  proceding  k approximat ions .  

i n i t i a l i z e  t h e  k columns of s t o r a g e  are r e q u i r e d  o v e r  t h e  f i r s t  p r o c e s s .  

These f u r t h e r  r e f inemen t s  were n o t  t e s t e d .  

X .  i s  then  computed s o  as t o  minimize X? 
1+1* i-1' 1 

However, i n i t i a l i z i n g  r e q u i r e s  n2  more m u l t i p l i c a t i o n s  and 

I n  g e n e r a l ,  X? can be  minimized as a f u n c t i o n  
1 

An a d d i t i o n a l  kn2 m u l t i p l i c a t i o n  t o  

For  t h e  i t e r a t i v e  d i r e c t  p r o c e s s  w e  proceed  as f o l l o w s .  Assume 

t h a t  A i s  non- s ingu la r .  Choose H which i s  c l o s e s t  t o  P ,  i . e . ,  has  k 

minimum l e n g t h .  Choose Ae such  t h a t ,  u s ing  A as X t h e  p o i n t  X i  i s  

c i v s e r  io P than f o r  o t h e r  A . 
G = %-A 

a 0' 

- 7  we w i i i  i t e r a t i v e i y  "correct" che veccor  
i 

u n t i l  i t  h a s  t h e  same d i r e c t i o n  as P- . II Ak 
Any p o i n t  U i n  t h e  n-2 d imens iona l  hype rp lane  c o n t a i n i n g  Ak 

whose normal  i s  P-\ s a t i s f i e s  
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I f  w e  set 

= A .  + e i  ( A ~ - A ~ )  'i 1 

and choose 8 so  t h a t  U s a t i s f i e s  ( 6 ) ,  t h e n  w e  can p r o j e c t  t h e  A exclu-  

s ive of % and Ak o n t o  t h e  hyperplane.  Thus, w e  have n-1 p o i n t s  i n  a n-2 

d imens iona l  hype rp lane .  

can b e  o r t h o g o n a l i z e d  one v e c t o r  a t  a t i m e .  I f  t h e  new b a s i s  i s  C X ~ , . . . , C X  

t h e n  w e  can make G o r t h o g o n a l  t o  i t  by w e l l  known formulas .  We can c r e a t e  

t h e  a one a t  a t i m e  and c o r r e c t  G each .  Once C, is c o r r e c t e d ,  t hen  obv ious ly  

T l i e s  on t h e  l i n e  U=qC+eC. The p r o c e s s  r e o u i r e s  on t h e  o r d e r  of n 3  m u l t i p l i -  

c a t i o n s .  However, t h e  f i r s t  i t e r a t i o n  r e a u i r e s  o n l y  6n m u l t i p l i c a t i o n s ,  t h e  

second 7n, t h e  t h i r d  9n, and s o  on adding 2n each t i m e .  The l a s t  i t e r a t i o n  

r e q u i r e s  abou t  2n2 m u l t i p l i c a t i o n s .  Thus,  v o s t  of t h e  work i s  c o n c e n t r a t e d  

i n  t h e  l a s t  few i t e r a t i o n s .  This  may b e  a n  advan tage  o v e r  t h e  method of  

c o n j u g a t e  g r a d i e n t s ,  which r e q u i r e s  n2 m u l t i D l i c a t i o n s  f o r  each i t e r a t i o n .  

Numerical e x p e r i e n c e  shows t h a t  t h e  method does p r o v i d e  an e x a c t  s o l u t i o n .  

i i i 

We can form a b a s i s ,  s a y  V I ,  172,. . . ,Vn-2 ,  which 

n- 2 

i 
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5. AN ITERATIVE SCHEME OF THE SEPARATION TYPE 

The s t a n d a r d  r e l a x a t i o n  method can b e  w r i t t e n  as :  

-1 - (w -1-w D-lV) + w D y (1) 
(n+l) = w D -1 (n+l )  

X n n n n 

where D, U ,  and L a r e  t h e  s t r i c t l y  d i a g o n a l ,  uppe rd iagona l ,  and lower 

d i a g o n a l  components of t h e  nxn (not n e c e s s a r i l y  symmetr ic)  m a t r i x  B.  

i s  t h e  r e l a x a t i o n  f a c t o r  a p p r o p r i a t e  t o  t h e  nth s t e p ,  and d i s t i n g u i s h e s  

t h e  v a r i o u s  common r e l a x a t i o n  methods.  E.g, f o r  w E 1, e q u a t i o n  5.1 

c h a r a c t e r i z e s  t h e  Gauss Seede l  method w h i l e  f o r  w = a c o n s t a n t  >1, o r  <1 

w e  have t h e  o v e r - r e l a x a t i o n  o r  under  r e l a x a t i o n  method, r e s p e c t i v e l y .  

n 

n 

n 

Now t h e  over  r e l a z a t i o n  method can be shown ( r e f .  ) t o  g i v e  

v e r y  r a p i d  convergence,  on t h e  average  and a f t e r  a ve ry  l a r g e  number of  

s t e p s ,  f o r  c e r t a i n  types  of B m a t r i x ,  and i n  fac t  f o r  some t y p e s  o f  B 

m a t r i x  i t  converges f a s t e r  t han  any o t h e r  i t e r a t i v e  procedure .  I t  does 

n o t  converge f a s t e r  f o r  many types  of m a t r i c e s  and i n  f a c t ,  even f o r  B 

m a t r i c e s  of t h e  type  mentioned i t  may o f t e n  converge more s lowly  t h a n  

o t h e r  methods f o r  t h e  f i r s t  few s t e p s .  A procedure  c a l l e d  t h e  Chebychev 

s e m i - t e r a t i v e  method ( r e f .  1) g i v e s  r a p i d  l o c a l  convergence f o r  may types  

of B m a t r i x  b u t  s u f f e r s  from a n w b e r  zf d f sadvan tages ,  one of which i s  

t h e  requi rement  t h a t  t h e  s p e c t r a l  r a d i u s  of  B be  known, a t  least  approxi -  

m a t e l y .  To avo id  t h e s e  d i f f i c u l t i e s  and t o  g e t  s t i l l  more r a p i d  conver- 

gence ,  a method which r e q u i r e s  no knowledge of B's e i g e n  v a l u e s  and which 

makes f u l l e s t  u se  of  a v a i l a b l e  i n f o r m a t i o n  i s  be ing  s t u d i e d .  The p r o t o t y p e  
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